An order preserving inequality via Furuta inequality, II  by Yang, Changsen
Linear Algebra and its Applications 331 (2001) 89–100
www.elsevier.com/locate/laa
An order preserving inequality via Furuta
inequality, II
Changsen Yang
Department of Mathematics, Henan Normal University, Xinxiang 453002, People’s Republic of China
Received 1 September 2000; accepted 16 January 2001
Submitted by T. Ando
Abstract
Furuta showed that ifA  B > 0, then for each r  0, F(p) = (Br/2ApBr/2)(1+r)/(p+r)
is increasing for p  1. But he pointed out that this result does not remain valid for 0  p  1
and r  0. In this paper, a necessary and sufficient condition for (Br/2Aα1Br/2)β/(α1+r) 
(Br/2Aα2Br/2)β/(α2+r) is obtained, and by using this comparison technique, we show some
operator inequalities about the monotonicity of p ∈ [0, 1] under some conditions of expo-
nents. © 2001 Elsevier Science Inc. All rights reserved.
AMS classification: Primary 47A63
Keywords: Positive operator; Löwner–Heinz inequality; Furuta inequality
1. Introduction
In what follows, H means a complex Hilbert space. A bounded linear operator T
on H is said to be positive (in symbol: T  0) if (T x, x)  0 for any x ∈ H . Also
an operator T is strictly positive (in symbol: T > 0) if T is positive and invertible.
Furuta’s inequality means:
Theorem F (Furuta inequality). If A  B  0, then for each r  0,
(i) (Br/2ApBr/2)1/q  (Br/2BpBr/2)1/q and
(ii) (Ar/2ApAr/2)1/q  (Ar/2BpAr/2)1/q
hold for p  0 and q  1 with (1 + r)q  p + r .
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Fig. 1.
We remark that Theorem F yields the following famous Löwner–Heinz theorem
when we put r = 0 in (i) or (ii) stated above.
Theorem L–H (Löwner–Heinz inequality). A  B  0 ensures Aα  Bα for any
α ∈ [0, 1].
Alternative proofs of Theorem F are given in [1,11] and also an elementary one-
page proof in [6]. Tanahashi [13] showed that the domain drawn for p, q and r in
Fig. 1 is the best possible one.
Using Furuta’s inequality, Furuta proved that F(p) = (Br/2ApBr/2)(1+r)/(p+r)
is an increasing function of p for p  1 and r  0 whenever A  B  0 in [7], he
also pointed out that this result does not remain valid for 0 < p < 1. In this paper,
we shall show the following results:
Theorem 1. Let −1 < r  − 12 , 0  α2 < −r, A1  A2  B > 0 and
max{−r, 12 (α2 + 1)} < α1  1. Then(
Br/2A1
α1Br/2
)(1+r)/(α1+r)  (Br/2A2α2Br/2)(1+r)/(α2+r).
Fig. 2.
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Theorem 2. If A  B > 0,−1  r  − 12 , 0  α2  −1 − 2r and α2  α1 < −r,
then (
Br/2Aα1Br/2
)(1+r)/(α1+r)  (Br/2Aα2Br/2)(1+r)/(α2+r).
Theorem 3. If A  B > 0, then(
Br/2Aα1Br/2
)(α2+r)/(α1+r)  Br/2Aα2Br/2
holds under any one of the following conditions:
(1) 0  −r < α1  α2  13 (1 − 2r)  1 and 12  α2.
(2) 0  −1 − 2r  α2  α1 < −r  1.
(3) 0  −r < α1  α2  min{ 12 ,−2r}.
Theorem 4.
(i) If A  B > 0 and 0  α1 < −r  12α2  14 , then(
Br/2Aα1Br/2
)r/(α1+r)  (Br/2Aα2Br/2)r/(α2+r).
(ii) If A  B > 0, 0  −r < α1  α2  12 and −2r < α2, then(
Br/2Aα1Br/2
)r/(α1+r)  (Br/2Aα2Br/2)r/(α2+r).
Theorem 5.
(i) If −1 < r  0, max{ 12 , 13 (1 − 2r)} < α2 < 12 (1 − r), −r < α1  α2 and A 
B > 0, then(
Br/2Aα1Br/2
)(1−2α2−r)/(α1+r)  (Br/2Aα2Br/2)(1−2α2−r)/(α2+r).
(ii) If 12 < α2  1, 2α2 − 1  α1  12 (3α2 − 1), α1 < −r < α2 and A  B > 0,
then(
Br/2Aα1Br/2
)(1−2α2−r)/(α1+r)  (Br/2Aα2Br/2)(1−2α2−r)/(α2+r).
Corollary 6.
(1) If A  B > 0 and − 14 < r  0, then F(α) = (Br/2AαBr/2)r/(α+r) is increas-
ing for α on [−2r, 12 ].
(2) If A  B > 0 and −1 < r  − 12 , then G(α) = (Br/2AαBr/2)(1+r)/(α+r) is de-
creasing for α on [0,−1 − 2r].
2. Proofs of the main results
We need the following results:
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Lemma A [8]. For invertible positive operator A and invertible operator B,
(BAB∗)s = BA1/2(A1/2B∗BA1/2)s−1A1/2B∗
holds for any real number s.
Theorem B [2,12,14,15]. If A  B  0 with A > 0, then the following assertions
hold:
(I) A1−t  (A−t/2BpA−t/2)(1−t)/(p−t) for 1  p > t  0 with p  12 .
(II) A−t  (A−t/2BpA−t/2)−t/(p−t) for 1  t > p  0 with 12  p.
(III) A2p−t  (A−t/2BpA−t/2)(2p−t)/(p−t) for 12  p > t  0.
(IV) A2p−1−t  (A−t/2BpA−t/2)(2p−1−t)/(p−t) for 1  t > p  12 .
Extensions of Theorem B were shown in [3,4]. Equivalence relations among (I)–
(IV) of Theorem B were shown in [9,10]. The best possibilities of (I), (II) and (IV)
of Theorem B were shown in [14] (see also Fig. 2).
Proof of Theorem 1. Since 12  −r < 1, 0  α2 < −r, A2  B > 0, by (I) of The-
orem B, we have
A
1−α2
2 
(
A
−α2/2
2 B
−rA−α2/22
)(1−α2)/(−α2−r)
= (Aα2/22 BrAα2/22 )(1−α2)/(α2+r). (2.1)
On the other hand, since 12  α1  1, 0  α2 < α1 and A1  A2 > 0, by (I) of
Theorem B, we have(
A
−α2/2
2 A
α1
1 A
−α2/2
2
)(1−α2)/(α1−α2)  A1−α22 . (2.2)
Let
X = (Aα2/22 BrAα2/22 )(α2−1)/(α2+r)
and
Y = (A−α2/22 Aα11 A−α2/22 )(α2−1)/(α1−α2),
by (2.1) and (2.2), then
Y  Aα2−12  X. (2.3)
Let α˜ = (α2 + r)/(α2 − 1) and r˜ = (α1 − α2)/(1 − α2). Then 12  r˜  1 and
0  α˜ < r˜. Applying (I) of Theorem B to (2.3), we have
X1−α˜ 
(
X−α˜/2Y r˜X−α˜/2
)(1−α˜)/(r˜−α˜)
.
Since (1 − α˜)/(r˜ − α˜) = (1 + r)/(α1 + r), so(
X(α2+r)/2(α2−1)Y (α1−α2)/(α2−1)X(α2+r)/2(α2−1)
)(1+r)/(α1+r)
 X(1+r)/(α2−1). (2.4)
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Applying Lemma A several times and (2.4), we have the following results:
(
Br/2Aα11 B
r/2)(1+r)/(α1+r)
= Br/2Aα1/21
(
A
α1/2
1 B
rA
α1/2
1
)(1−α1)/(α1+r)Aα1/21 Br/2 (by Lemma A)
= Br/2Aα1/21
{
A
−α1/2
1 A
α2/2
2
(
A
−α2/2
2 B
−rA−α2/22
)
A
α2/2
2 A
−α1/2
1
}(α1−1)/(α1+r)
×Aα1/21 Br/2
= Br/2Aα2/22
(
A
−α2/2
2 B
−rA−α2/22
)1/2{(
A
−α2/2
2 B
−rA−α2/22
)1/2
×Aα2/22 A−α11 Aα2/22
(
A
−α2/2
2 B
−rA−α2/22
)1/2}−(1+r)/(α1+r)
× (A−α2/22 B−rA−α2/22 )1/2Aα2/22 Br/2 (by Lemma A)
= Br/2Aα2/22
(
A
α2/2
2 B
rA
α2/2
2
)−1/2{(
A
α2/2
2 B
rA
α2/2
2
)1/2
A
−α2/2
2 A
α1
1 A
−α2/2
2
× (Aα2/22 BrAα2/22 )1/2}(1+r)/(α1+r)(Aα2/22 BrAα2/22 )−1/2Aα2/22 Br/2
= Br/2Aα2/22
(
A
α2/2
2 B
rA
α2/2
2
)−1/2{
X(α2+r)/2(α2−1)Y (α1−α2)/(α2−1)
×X(α2+r)/2(α2−1)}(1+r)/(α1+r)(Aα2/22 BrAα2/22 )−1/2Aα2/22 Br/2
 Br/2Aα2/22
(
A
α2/2
2 B
rA
α2/2
2
)−1/2
X(1+r)/(α2−1)
(
A
α2/2
2 B
rA
α2/2
2
)−1/2
×Aα2/22 Br/2 (by (2.4))
= Br/2Aα2/22
(
A
α2/2
2 B
rA
α2/2
2
)(1+r)/(α2+r)−1Aα2/22 Br/2
= (Br/2Aα22 Br/2)(1+r)/(α2+r) (by Lemma A).
Hence, the proof of Theorem 1 is complete. 
By the proof of Theorem 1, we see the following lemma:
Lemma 7. Let A > 0, B > 0 and β, r, α1, α2 be any real numbers such that α1 +
r = 0, α2 + r = 0. Then(
Br/2Aα1Br/2
)β/(α1+r)  (Br/2Aα2Br/2)β/(α2+r)
if and only if
{(
Aα2/2BrAα2/2
)1/2
Aα1−α2
(
Aα2/2BrAα2/2
)1/2}β/(α1+r)

(
Aα2/2BrAα2/2
)β/(α2+r).
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Proof. We only give the proof of the sufficient condition as follows, because the
necessary condition can also be obtained similarly.
(
Br/2Aα1Br/2
)β/(α1+r)
= Br/2Aα1/2(Aα1/2BrAα1/2)(β/(α1+r))−1Aα1/2Br/2 (by Lemma A)
= Br/2Aα1/2(A−(α1−α2)/2(A−α2/22 B−rA−α2/2)A−(α1−α2)/2)1−(β/(α1+r))
× Aα1/2Br/2
= Br/2Aα2/2(Aα2/22 BrAα2/22 )−1/2
× {(Aα2/2BrAα2/22 )−1/2A−(α1−α2)(Aα2/2BrAα2/22 )−1/2}−β/(α1+r)
× (Aα2/2BrAα2/2)−1/2Aα2/2Br/2 (by Lemma A)
= Br/2Aα2/2(Aα2/2BrAα2/2)−1/2{(Aα2/2BrAα2/2)1/2Aα1−α2
× (Aα2/2BrAα2/2)1/2}β/(α1+r)(Aα2/2BrAα2/2)−1/2Aα2/2Br/2
 Br/2Aα2/2
(
Aα2/2BrAα2/2
)−1/2(
Aα2/2BrAα2/2
)β/(α2+r)
× (Aα2/2BrAα2/2)−1/2Aα2/2Br/2
= Br/2Aα2/2(Aα2/2BrAα2/2)β/(α2+r)−1Aα2/2Br/2
= (Br/2Aα2Br/2)β/(α2+r) (by Lemma A). 
Lemma 8. If A  B > 0, then for 12  r  1 and −r < α  0,(
Ar/2BαAr/2
)(1−r)/(α+r)  A1−r .
Proof. (1) The case 12  −α < r  1. By (IV) of Theorem B, we have
A−2α−1−r 
(
A−r/2B−αA−r/2
)(−2α−1−r)/(−α−r)
= (Ar/2BαAr/2)(−2α−1−r)/(α+r).
Since (1 − r)/(2α + 1 + r) ∈ [0, 1], by Theorem L–H, we obtain
A−(1−r) 
(
Ar/2BαAr/2
)(−(1−r))/(α+r)
.
(2) The case 0  −α  12  r  1. By (II) of Theorem B, we have
A−r 
(
A−r/2B−αA−r/2
)−r/(−α−r) = (Ar/2BαAr/2)−r/(α+r).
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Since (1 − r)/r ∈ [0, 1], by Theorem L–H, we obtain
A−(1−r) 
(
Ar/2BαAr/2
)−(1−r)/(α+r)
.
Hence, the proof of Lemma 8 is complete. 
Proof of Theorem 2. Since 12  −r  1, 0  α2 < −r , by (I) of Theorem B, we
have
A1−α2 
(
A−α2/2B−rA−α2/2
)(1−α2)/(−α2−r) = (Aα2/2BrAα2/2)(1−α2)/(α2+r).
LetX = (Aα2/2BrAα2/2)(α2−1)/(α2+r) and Y = Aα2−1. Then Y  X. Also let r˜ =
(α2 + r)/(α2 − 1) and α˜ = (α1 − α2)/(α2 − 1). Then 12  r˜  1 and −r˜ < α˜  0.
By Lemma 8, we have(
Xr˜/2Y α˜Xr˜/2
)(1−r˜)/(α˜+r˜)  X1−r˜ ,
that is,
(
X(α2+r)/2(α2−1)Y (α1−α2)/(α2−1)X(α2+r)/2(α2−1)
)(−(1+r))/(α1+r)
 X−(1+r)/(α2−1). (2.5)
Hence, Theorem 2 can be obtained by Lemma 7 since (2.5) is equivalent to
{(
Aα2/2BrAα2/2
)1/2
Aα1−α2
(
Aα2/2BrAα2/2
)1/2}(−(1+r))/(α1+r)

(
Aα2/2BrAα2/2
)−(1+r)/(α2+r). 
Proof of Theorem 3. (1) Because 12  α2  1 and −α2 < r  0, by Lemma 8, we
have (
Aα2/2BrAα2/2
)(1−α2)/(α2+r)  A1−α2 . (2.6)
Let X = (Aα2/2BrAα2/2)(1−α2)/(α2+r), Y = A1−α2 , α˜ = (α1 − α2)/(1 − α2) and
r˜ = (α2 + r)/(1 − α2). Then we can obtain that X  Y and 0  −α˜ < r˜  12 . By(II) of Theorem B, we have
X−r˜ 
(
X−r˜/2Y−α˜X−r˜ /2
)−r˜/(−α˜−r˜ ) = (Xr˜/2Y α˜Xr˜/2)−r˜/(α˜+r˜),
that is,
{(
Aα2/2BrAα2/2
)1/2
Aα1−α2
(
Aα2/2BrAα2/2
)1/2}(α2+r)/(α1+r)
 Aα2/2BrAα2/2.
By Lemma 7,(
Br/2Aα1Br/2
)(α2+r)/(α1+r)  Br/2Aα2Br/2.
(2) Since 12  −r  1 and 0  α2 < −r , by (I) of Theorem B, we have
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A1−α2 
(
A−α2/2B−rA−α2/2
)(1−α2)/(−α2−r) = (Aα2/2BrAα2/2)(1−α2)/(α2+r).
Let X = (Aα2/2BrAα2/2)(α2−1)/(α2+r), Y = Aα2−1, r˜ = (α2 + r)/(α2 − 1) and
α˜ = (α1 − α2)/(α2 − 1). Then Y  X and 0  −α˜ < r˜  12 . By (II) of Theorem
B, we have
X−r˜ 
(
X−r˜/2Y−α˜X−r˜ /2
)−r˜/(−α˜−r˜ ) = (Xr˜/2Y α˜Xr˜/2)−r˜/(α˜+r˜),
that is,
(
X(α2+r)/2(α2−1)Y (α1−α2)/(α2−1)X(α2+r)/2(α2−1)
)(α2+r)/(α1+r)
 X(α2+r)/(α2−1). (2.7)
Applying Lemma 7, the proof is complete since (2.7) is equivalent to
{(
Aα2/2BrAα2/2
)1/2
Aα1−α2
(
Aα2/2BrAα2/2
)1/2}(α2+r)/(α1+r)
 Aα2/2BrAα2/2.
(3) Since 0  −r < α2  12 , by (II) of Theorem B, we have
A−α2 
(
A−α2/2B−rA−α2/2
)−α2/(−α2−r) = (Aα2/2BrAα2/2)−α2/(α2+r).
Let X = (Aα2/2BrAα2/2)α2/(α2+r), Y = Aα2 , r˜ = (α2 + r)/α2 and
α˜ = (α1 − α2)/α2. Then Y  X and 0  −α˜ < r˜  12 . By (II) of Theorem B,
we have
X−r˜ 
(
X−r˜/2Y−α˜X−r˜ /2
)−r˜/(−α˜−r˜ ) = (Xr˜/2Y α˜Xr˜/2)−r˜/(α˜+r˜),
that is,(
X(α2+r)/2α2Y (α1−α2)/α2X(α2+r)/2α2
)(α2+r)/(α1+r)  X(α2+r)/α2 . (2.8)
Applying Lemma 7, the proof is complete since (2.8) is equivalent to
{(
Aα2/2BrAα2/2
)1/2
Aα1−α2
(
Aα2/2BrAα2/2
)1/2}(α2+r)/(α1+r)
 Aα2/2BrAα2/2. 
Proof of Theorem 4. (i) Since 0  −r < α2  12 and A  B > 0, by (II) of Theo-
rem B, we have
A−α2 
(
A−α2/2B−rA−α2/2
)−α2/(−α2−r) = (Aα2/2BrAα2/2)−α2/(α2+r).
Let X = (Aα2/2BrAα2/2)α2/(α2+r), Y = Aα2 , r˜ = (α2 + r)/α2 and
α˜ = (α1 − α2)/α2. Then Y  X and 12  r˜ < −α˜  1. By (I) of Theorem B,
we obtain
X1−r˜ 
(
X−r˜ /2Y−α˜X−(r˜/2)
)(1−r˜)/(−α˜−r˜ ) = (Xr˜/2Y α˜Xr˜/2)(1−r˜)/(α˜+r˜ ). (2.9)
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By Lemma 7, the proof is complete since (2.9) is equivalent to
{(
Aα2/2BrAα2/2
)1/2
Aα1−α2
(
Aα2/2BrAα2/2
)1/2}r/(α1+r)

(
Aα2/2BrAα2/2
)r/(α2+r).
(ii) Since 0  −r < α2  12 and A  B > 0, by (II) of Theorem B, we have
A−α2 
(
A−α2/2B−rA−α2/2
)−α2/(−α2−r) = (Aα2/2BrAα2/2)−α2/(α2+r).
Let X = (Aα2/2BrAα2/2)α2/(α2+r), Y = Aα2 , r˜ = (α2 + r)/(α2) and α˜ =
(α1 − α2)/α2. Then we have Y  X, 12  r˜  1 and −r˜ < α˜  0. By Lemma 8,
we obtain(
Xr˜/2Y α˜Xr˜/2
)(1−r˜)/(α˜+r˜)  X1−r˜ . (2.10)
By Lemma 7, the proof is complete since (2.10) is equivalent to
{(
Aα2/2BrAα2/2
)1/2
Aα1−α2
(
Aα2/2BrAα2/2
)1/2}−r/(α1+r)

(
Aα2/2BrAα2/2
)−r/(α2+r).
Hence, the proof of Theorem 4 is complete. 
Proof of Theorem 5. (i) Because 12  α2  1 and −α2 < r  0, by Lemma 8, we
also have (2.6):(
Aα2/2BrAα2/2
)(1−α2)/(α2+r)  A1−α2 . (2.6)
Let X = (Aα2/2BrAα2/2)(1−α2)/(α2+r), Y = A1−α2 , α˜ = (α1 − α2)/(1 − α2) and
r˜ = (α2 + r)/(1 − α2). Then we can obtain that X  Y, 12  r˜  1 and −r˜ < α˜ 
0, so by (2.6) and Lemma 8, we have(
Xr˜/2Y α˜Xr˜/2
)(1−r˜)/(α˜+r˜)  X1−r˜ ,
that is,
{(
Aα2/2BrAα2/2
)1/2
Aα1−α2
(
Aα2/2BrAα2/2
)1/2}(1−2α2−r)/(α1+r)

(
Aα2/2BrAα2/2
)(1−2α2−r)/(α2+r).
By Lemma 7,(
Br/2Aα1Br/2
)(1−2α2−r)/(α1+r)  (Br/2Aα2Br/2)(1−2α2−r)/(α2+r).
(ii) Because 12  α2  1 and −α2 < r  0, by Lemma 8, we also have (2.6):(
Aα2/2BrAα2/2
)(1−α2)/(α2+r)  A1−α2 . (2.6)
Let X = (Aα2/2BrAα2/2)(1−α2)/(α2+r), Y = A1−α2 , α˜ = (α1 − α2)/(1 − α2) and
r˜ = (α2 + r)/(1 − α2). Then we can obtain that 12  −α˜  1 and 0  r˜ < −α˜, so
by (2.6) and (I) of Theorem B, we have
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X1−r˜ 
(
X−r˜ /2Y−α˜X−r˜/2
)(1−r˜)/(−α˜−r˜ ) = (Xr˜/2Y α˜Xr˜/2)(1−r˜)/(α˜+r˜ ),
that is,
{(
Aα2/2BrAα2/2
)1/2
Aα1−α2
(
Aα2/2BrAα2/2
)1/2}(2α2−1+r)/(α1+r)

(
Aα2/2BrAα2/2
)(2α2−1+r)/(α2+r).
By Lemma 7,(
Br/2Aα1Br/2
)(1−2α2−r)/(α1+r)  (Br/2Aα2Br/2)(1−2α2−r)/(α2+r). 
Proof of Corollary 6. (1) By Theorem 4(ii), we have (1) since −r  −2r .
(2) By Theorem 2, we have (2) since −1 − 2r  −r. 
3. Example
In general, under the conditions in Theorem 3, the following inequality is not
valid: (
Br/2Aα1Br/2
)(1+r)/(α1+r)  (Br/2Aα2Br/2)(1+r)/(α2+r). (3.1)
(1) Under the condition in Theorem 3(1): Let r = − 12 , α1 = 58 , α2 = 23 ,
A =
(
14 0
0 157
)
and B =
(
13 12
12 13
)
.
Then we can get A  B, but the computer shows
X = (B−1/4A5/8B−1/4)4 − (B−1/4A2/3B−1/4)3
=
(
11326.9 . . . −21925.8 . . .
−21925.8 . . . 42440.7 . . .
)
.
Also eigenvalues of X are 53767.9 . . . , and −0.401901 . . . So we see (3.1) is not
valid.
(2) Under the condition in Theorem 3(2): Let r = − 12 , α1 = 14 , α2 = 13 ,
A =
(
314 0
0 97657
)
and B =
(
313 312
312 313
)
.
Then we can get A  B, but the computer shows
B1/2A−1/3B1/2 =
(
27.99133 . . . 26.33927 . . .
26.33927 . . . 24.85606 . . .
)
and
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A1/12B1/2A1/12 =
(
33.89208 . . . 50.47395 . . .
50.47395 . . . 88.21868 . . .
)
.
So B1/2A−1/3B1/2  A1/12B1/2A1/12. Hence, we see (3.1) is not valid by Lemma
A.
(3) Under the condition in Theorem 3(3): Let r = − 14 , α1 = 13 , α2 = 12 ,
A =
(
314 0
0 97657
)
and B =
(
313 312
312 313
)
.
Then we can get A  B, but the computer shows
(
A−1/6B1/4A−1/6
)8 =
(
0.002316009 . . . 0.0006423591 . . .
0.0006423591 . . . 0.000178161 . . .
)
and
A−(1/3)B1/4A−(1/2)B1/4A−(1/3) =
(
0.011271124 . . . 0.00114129 . . .
0.00114129 . . . 0.0001200259 . . .
)
.
So (A−1/6B1/4A−1/6)8  A−1/3B1/4A−1/2B1/4A−1/3. Hence, we see (3.1) is not
valid by Lemma A.
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